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Abstract
The standard model (SM) is a huge success, being able to explain particle physics
phenomenology up to the energy scales accessible nowadays (up to 13 TeV). Albeit
this huge feat, the SM is not considered to provide an ultimate description of na-
ture. Many extensions of the standard model have been motivated by the so-called
hierarchy problem. While this does not characterize an incosistency of the standard
model, it rather refers to the aesthetics of the theory, or its naturalness. This issue
is often paraphrased as: How can the Higgs mass m2H stay small compared to the
UV cutoff Λ while it receives radiative corrections which are naively of order ∼ Λ2?
One way out of this predicament is to choose the initial conditions m2Λ at a high-
energy scale Λ really precisely so that these radiative corrections get cancelled. This
procedure is known as fine-tuning.
In this work functional renormalization group techinques are employed to provide
a new perspective on the gauge hierarchy of various toy models mimicking parts
of the standard model. First a Z2-symmetric toy model containing one real scalar
field and one Dirac fermion is studied, especially focussing on the dependence of
the scale separation on the IR observables top mass and Higgs mass. Then a model
containing Nf = 6 Fermions transforming in the fundamental representation of
SU(3), gauge bosons, and one scalar SU(2) doublet is investigated. The strong
interaction forces spontaneous chiral symmetry breaking which will be accounted
for by partial bosonization of the theory, in addition to the the usual electroweak
symmetry breaking in the scalar sector. The hierarchy of the emerging scales is
studied, namely the UV cutoff, the electroweak scale and in the latter model also
the QCD scale for different values of the parameters of the models. The goal is
to study the phase transition or crossover of this standard-model-like system from
a “deeply-Higgsed” into a pure QCD-type phase. From the renormalization group
perspective, the rapidness of this transition is quantitatively related to the severity
of the naturalness problem.
Aspekte der Eichhierarchie des
Standardmodells
Das Standardmodell (SM) ist ein großer Erfolg der Teilchenphysik, da es die Phä-
nomenologie bis zu den heute zugänglichen Energieskalen (bis zu 13 TeV) erklären
kann. Trotz dieser Leistung wird das SM nicht als entgültige Beschreibung der
Natur angesehen. Viele Erweiterungen des Standardmodells wurden durch das
sogenannte Hierarchieproblem im Standardmodell motiviert. Dies charakterisiert
zwar keine Inkonsistenz des Standardmodells, bezieht es sich doch eher auf seine
Ästhetik oder Natürlichkeit. Dieses Problem lässt sich gut durch die Frage, warum
die Masse des Higgs-Bosons klein im Vergleich zu einer Hochenergie-(UV)-skala
Λ ist, obwohl es naiv Strahlungskorrekturen von Ordnung Λ2 erhällt, zusammen-
fassen.
Ein Weg dieses Problem zu umgehen besteht darin, die Anfangsbedingugnen an
dieser Hochenergieskala so zu wählen, dass diese Quantenkorrekturen keinen Ein-
fluss auf die Higgsmasse haben. Dieses Vorgehen ist als Feinabstimmung bekannt.
In dieser Arbeit werden Methoden der funktionalen Renormierungsgruppe benutzt,
um neue Blickwinkel auf die Eichhierarchie in verschiedenen, an Teile des Stan-
dardmodells erinnernde, Spielzeugmodellen zu erhalten. Zuerst wird ein Z2 sym-
metrisches Yukawamodell mit einem reellen Skalarfeld und einem Dirac Fermion
mit besonderem Augenmerk auf die Abhängigkeit der Separation der UV Skala
von der Fermiskala von den Observablen Higgsmasse und Topmasse untersucht.
Dann wird ein Modell mit Eichfeldern, Nf = 6 Fermionen, die unter der fundamen-
talen Repräsentation der Eichgruppe SU(3) transformieren, und einem komplexen
skalaren SU(2)-Doublett untersucht. Die starke Wechselwirkung führt, zusätzlich
zu der bereits bekannten elektroschwachen Symmetriebrechung des Skalarfeldes,
zu spontaner chiraler Symmetriebrechung, die mit Hilfe von bosonischen Hilfs-
feldern untersucht wird. Die Hierarchie der auftretenden Skalen, einerseits die
Hochenergieskala, andererseits die elektroschwache Skala und die Skala der chi-
ralen Symmetriebrechung, werden für unterschiedliche Parameterregionen unter-
sucht. Das Ziel ist, den Phasenübergang, beziehungsweise den crossover-Übergang,
dieser standardmodellartigen Theorien, von einer “tief gehiggsten” zu einer reinen
QCD-artigen Phase zu untersuchen. Aus renormierungsgruppentheoretischen Über-
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The standard model (SM) of particle physics is a huge success, being able to cap-
ture elementary particle phenomenology up to energy scales accessible to present
day colliders (around 13 TeV). The last building block of the SM to be detected
was the Higgs boson, being discovered in 2012 [1, 2].
The theoretical foundations for this discovery were laid by Brout, Englert and
Higgs [3–6], introducing a mechanism to generate masses for gauge bosons as well
as fermions through spontaneous symmetry breaking. This was then used by Wein-
berg and Salam [7, 8] to unify the electromagnetic and weak interaction. Together
with a description for the strong interaction [9–12] found in the seventies, this
completes the current version of the SM. Despite these achievements, the standard
model is nowadays regarded as being an effective field theory, perfectly applicable
for energies achievable in present day experiments, but not extendible to arbitrary
high scales. Even within the SM there are unresolved problems, some of which are
tied to the scalar nature of the Higgs field. One of these is the so-called natural-
ness problem which concerns the large separation of a UV scale (in the SM this
is thought to be the Planck scale) and the Fermi scale, which sets the magnitude
of masses in the IR. In order to achieve the large separation over several orders
of magnitude, as is observed in the SM, a high degree of fine-tuning of the Higgs
mass parameter is necessary. Since no symmetry protects the Higgs mass against
radiative corrections, the Higgs mass parameter is naively expected to be of the
order of the UV cutoff scale. The goal of this work is to shed some light on the
fine-tuning problem, with special focus on how the strong gauge sector, based on
the symmetry group SU(Nc), influences this necessity.
First we investigate a simple toy model, containing a scalar field and a Dirac
fermion, playing the role of the Higgs boson and top quark, respectively. We
employ functional renormalization group methods to gain insight on the depen-
dence of the scale separation on different parameters in the theory, most notably
the IR observables top and Higgs mass. We then turn towards a more complex
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1. Introduction
toy model, including gauge interactions mimicking the strong interaction in the
standard model. We use effective field-theoretical methods, in particular partial
bosonization, to connect high energy degrees of freedom of the strong interactions
(quarks and gluons) with macroscopic degrees of freedom (fermionic bound states).
The influence of this strong gauge sector on the fine-tuning problem is analyzed .
2
2 The Functional Renormaliza-
tion Group Method
2.1. Functionals in QFT
In the following section we give a very basic introduction to quantum field theory
through the method of functionals. We present some tools necessary to understand
the following chapters. For a more thorough introduction to functionals in QFT we
refer the reader to standard textbooks such as [13–15].
The basic object of this section is a general field φ which lives on a flat Euclidean
spacetime. We therefore look at Euclidean field theories. We will assume that the
results obtained in the Euclidean signature are transferable to a Minkowskian field
theory via analytical continuation/Wick rotation.
The physical content of a field theory is stored in correlation functions of the field
φ. In a (Euclidean) field theory, these n-point functions are obtained from the
product of n field operators at different points An averaged over all possible field









DφφA1 · · ·φAne−S[φ], (2.1)
where Z is a normalization factor such that 〈1〉 = 1. The labels Ai contain the
spacetime coordinates as well as any internal indices of the i-th field
Ai = (xi, ai) . (2.2)
Throughout this section we employ the Einstein summation convention if an index
A appears twice. The inner product of two fields φ and ψ (which have the same
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is sometimes called partition function of the theory, in analogy to statistical physics.




which is now a functional depending on the source J . It is obvious that Z[J ] is the
generator of the correlators. We get











In most of the literature, this source-dependent functional Z[J ] is called partition
function, and Z is just the normalization. One can furthermore get J-dependent
expectation values simply by keeping the J dependence




δJA1 · · · δJAnZ[J ] . (2.7)
Another possibility to store the physical content of the theory is through a different
functional, related to the partition by
W [J ] = logZ[J ] . (2.8)
W [J ] is often called generator of the connected n-point functions, although the
nature of this name is quite elusive without having built a diagrammatic expan-
sion. These connected n-point functions are again obtained by differentiation of a
functional, this time of W [J ]
G(n)conn. =
δn







We still have to introduce one more, and regarding the next section perhaps even
more important, functional. For this we consider the J-dependent 1-point function
of our theory
ϕA := 〈φA〉J =
δ
δJA
W [J ] (2.10)
which defines the field ϕA. This field, called the classical field, can be seen as the
thermodynamic variable conjugate to the source JA. It is averaged over all possible
4
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field fluctuations. Note that ϕA depends on the external source JA. With this in
mind, we can perform a Legendre transform of W [J ]




A −W [J ]
}
, (2.11)
where a special JA = JA[ϕ] gets singled out such that Γ approaches its supremum.
This transform is called effective action. From this definition of Γ[ϕ] it immediately
follows that Γ is convex.
As well as with the other functionals, Γ is also a generating functional and its






δϕA1 · · · δϕAn
Γ[ϕ] . (2.12)
In a diagrammatic expansion one may see that these Γ(n) are the so called one
particle irreducible (1PI) correlation functions. These are the proper vertices of the
quantum theory. A proper vertex is a connected function, generated by W [J ], once
all external lines have been removed. The meaning of the generating functional Γ
becomes clear by studying its derivative
δΓ[ϕ]
δϕA








A = JA, (2.13)
which is the quantum equation of motion. Γ is the classical action capable of
reproducing the quantum correlations.












Expanding this equation in powers of the field ϕA results in an infinite tower of
coupled differential equations, the so called Dyson-Schwinger equations. The com-
putation of the effective action is by no means a trivial task, and exact solutions
for Γ have so far only been found in a few special cases.
2.2. Functional Renormalization
One feature of QFT is that the coupling constants are in fact not constant but they
are scale dependent. Rather than an emergent scale dependence like in pertubation
theory, we look at scale-dependent functionals so that this characteristic is built
into the formalism from the beginning. The idea of the functional renormalization
group is heavily rooted in the Wilsonian approach to renormalization which we will
5
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sketch in the following [16].
For simplicity, we consider a scalar field on a d-dimensional Euclidean spacetime.















The partition function obtained as in the previous section (c.f. Eq. (2.4)) can be
ill defined because generally the field can have infinitely many modes. Such diver-
gences arise from the unbounded integration in momentum space, a straightforward







The introduced cutoff regularizes the divergent correlations so that we can work
with finite expressions. The regularized action SΛ on the other hand is needed in
order to obtain the same partition function as without the modifications. SΛ [φ] is
then viewed as a certain UV action containing the information of our theory at large
energies, or therefore short distances due to the dual relation. This makes sense if
we have a very large scale Λ above which the behavior of this theory is unknown.
Since the introduced cutoff is arbitrary, nothing stops us from considering any scale
























The interpretation of this is that SΛ [φ] is the UV action and Sk [φ] is (with a slight
abuse of nomenclature) an effective action, the so-called Wilsonian effective action,
obtained by integrating out all modes with momentum k ≤ |q| ≤ Λ towards the
6
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IR. Once we have integrated out all momenta, we are left with a theory in which
all scales contribute to the understanding of the theory. While in the Wilsonian
approach this coarse graining results in a loss of information of microscopical degrees
of freedom and thus gives us an effective theory for slow modes, in the functional
renormalization group we start with an appropriate truncation at a high energy
scale (the UV cutoff Λ) and freeze out the propagation of slow modes up to an
infrared cutoff k. Letting this cutoff go to zero, we include these low-energy modes,
thus including long range effects to the theory. The low-energy physics thus gets
determined only by the microscopical degrees of freedom, arising dynamically by
integrating out high-energy modes.
This problem is well posed if one considers the evolution from high to low energies,
but problems may arise when evolving the system in the opposite direction. For
Λ→∞, the existence of irrelevant couplings in the theory is such a case, since these
generally become negligible when going from the UV to the IR, independent of their
initial condition at the high energy scale. Conversely you can say that switching
up the direction of the renormalization group in that case can then lead to huge
numerical errors. Another case where we can’t solve the flow from the IR (where we
have taken the limit k → 0) to the UV is when there is an IR attractive fixed-point
structure such that the model “looses its memory”, meaning regardless of the initial
conditions chosen in the high energy regime the coupling will be attracted to the
fixed-point value and a reversal of the flow is not well defined. If we never actually
perform the limits Λ → ∞ or k → 0 we will not encounter these problems, and
switching up the direction of the flow poses no problems.
We start, as in the previous example, by further modifying the partition function.
We add an infrared cutoff depending on some scale k, which is often called sliding
scale, and we return to the general notation of the previous section,
Zk [J ] =
∫
Dφ e−S[φ]+JAφA−∆Sk[φ]. (2.21)
The new term ∆Sk [ϕ] is quadratic in the fields and can therefore be viewed as a
scale-dependent mass term for the fields, suppressing the propagation of ϕA modes







The here introduced regulator function RABk = R
ab
k (p) δp,−q should satisfy [17]
• Rabk=0 (p) = 0. This ensures that the regulator vanishes for k → 0, meaning we
automatically recover the standard generating functional Γk=0 = Γ.
• Rabk→Λ→∞ (p)→∞, implying that the functional integration is dominated by
the stationary point of the action, justifying a saddle-point approximation
yielding the classical action up to an additive constant Γk→Λ → S.
7
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• Rabk (p) ∼ 0 for p > k, thus leaving the fast modes unaffected by this modifi-
cation.
• Rabk (p) > 0 for p < k, meaning Rabk acts as an IR regulator of the propagators.
These conditions ensure that we end up with an interpolating functional Γk, called
effective average action, which for k → 0 equals the full quantum action Γ and in
the case of k → Λ approaches the classical action.
To derive a flow equation we start constructing the effective functionals like in the








where t is sometimes called renormalization group (RG) time, and start with the
functional Wk [J ]. For a k-independent source J we get














k (p) 〈φa (−p)φb (p)〉. (2.24)
The 2-point function can be written in terms of functional derivatives of Wk [J ]
and with the fact that J derivatives are only acting on the functionals, since the k
derivative is taken at fixed J , we arrive at
















This is a functional differential equation for the scale dependence of Wk [J ]. From
here we are able to obtain the evolution of Γk [ϕ]. As in the previous section we
define the classical field ϕA as




Note that, since we are interested in studying Γk [ϕ] as a functional of a k-independent
field, the source is necessarily scale dependent. Γk is then defined via a slightly
modified Legendre transform




A −Wk [J ]
}
−∆Sk [ϕ] . (2.27)
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This has straightforward consequences for the equations derived in the previous



















Combining these two results yields




























δϕA1 · · · δϕAn
(2.32)
for the functional Γk and similarly for the generating functional Wk [J ]. The delta
function of the abstract indices is given by
δ(A−B) = δabδ(x− y). (2.33)
With all these results, acting with ∂t on Eq. (2.27) gives us the flow equation of Γk
for fixed ϕ [18–21]:
∂tΓk [ϕ] = − ∂tWk [J ]|ϕ + (∂tJ)A ϕA − ∂t∆Sk [ϕ]


















































priate term in Eq. (2.25), the next equality follows directly from Eq. (2.31). The
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STr stands for Supertrace, denoting a trace over all internal as well as spacetime
indices, additionally containing a negative sign for Grassmann-valued fields.
Equation (2.34) is known as the Wetterich equation which is an exact equation
of the functional renormalization group. Since the term within the round paren-
theses is the kinetic term of the full regularized theory, its inverse represents the
full propagator. The Wetterich equation therefore possesses a one-loop structure
which eases computations. Nevertheless, this one-loop form does not come from
an approximation since in the derivation no expansion of the path integral was
performed. We are thus able to represent equation (2.34) diagramatically as shown
in Figure 2.1. Note that this is a functional differential equation which does not
Figure 2.1.: Diagrammatic representation of the RHS of Eq. (2.34) (without prefac-
tor of 1/2). The renormalization group flow of Γk is given as a one-loop
form, here the line does not represent the free propagator like in usual




−1 of the theory. The insertion of ∂tRk is diagram-
matically represented by the crossed circle.
depend on any truncation of the effective average action. It thus contains all oper-
ators which are compatible with the symmetries of our theory. Since this number is
usually infinite, we have to introduce a truncation of the effective average action Γk
to do actual computations (meaning we restrict ourselves to a managable amount
of operators, often sorted by their mass dimensions). The flow equations for the
different operators then get extracted from the Wetterich equation by applying the
appropriate projection rule for the operators on Eq. (2.34). There is however a
scheme dependence involved, stemming from the regulator function which only has
to obey the previously mentioned properties. This problem is resolved when look-
ing at the end points of the trajectory (k = 0 or k → Λ), since these points are
universal. The Wilsonian idea to integrate momentum shell by momentum shell is
also incorporated into this technique through the regulator. The insertion of Rk
into the propagator screens slow modes in a mass-like fashion, while the derivative
∂tRk suppresses modes with momenta larger than the reference scale k. The RG
10
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flow can then be seen as a tool that connects theories valid at different scales in
theory space.
11
3 Renormalization Group Equa-
tions for a Higgs-Yukawa Toy Model
3.1. Our Toy Model
In this section we introduce our Higgs-Yukawa toy model, intended to approximate
the Higgs-top sector of the standard model and it will follow largely [22–24]. For now
all other fermion flavors will be neglected, which is a reasonable first approximation
since the top quark is so much heavier than the other quarks, implying a large top
Yukawa coupling. Thus the main contribution to the beta functions stems from
top fluctuations. The field content of our toy model therefore is one real scalar
field as well as one Dirac fermion, representing the Higgs particle and the top
quark, respectively. Our main points of interest are the scalar potential as well as
the resulting particle masses in the IR, namely the Higgs and the top mass. We
consider the minimal features necessary to reproduce the physical properties of our
toy model. These are, namely, that bosonic and fermionic fluctuations drive the
flow of the scalar effective potential through self interaction or Yukawa interaction,
respectively, and the possibility to dynamically generate a vacuum expectation
value (vev) in the scalar effective potential which implies a dynamical generation
of a mass for the top quark. The shape of the potential then sets the Higgs mass
while the vev as well as the IR value of the Yukawa coupling fix the fermion mass.
In order to achieve this, we first need to make the fields dynamical, most easily
done by introducing the classical kinetic terms for the bosonic field as 12 (∂µφ(x))
2
and the fermionic field by ψ̄(x)i/∂ψ(x). A generic mass term 12m
2φ(x)2 for the
scalar field is allowed while the fermion is protected against a mass term by chiral
symmetry, solely acquiring its mass through the Yukawa interaction. Then the last
operators needed to arrive at a suitable model are the scalar self-interaction, the
simplest case being λφ(x)2n with n > 1, and a Yukawa interaction ih̄φ(x)ψ̄(x)ψ(x).
We allow only even powers of the scalar field due to the discrete chiral symmetry
12
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µψ + ih̄φψ̄ψ. (3.1)
Here U(φ2) is the scalar potential. This model is Z2-invariant, meaning it is invari-
ant under the discrete chiral symmetry
ψ → eiπ2 γ5 , ψ̄ → ψ̄eiπ2 γ5 , φ→ −φ. (3.2)
Since this symmetry is discrete, we do not gain any new massless Goldstone bosons
by the spontaneous symmetry breaking from a nonzero vev of the scalar field 〈φ〉 6=
0. This is also a property of the standard model, since there the massless modes
are eaten by the massive electroweak gauge bosons.













where ϕ(x) describes the excitation above the vacuum. In the case where the
minimum of the potential is not at vanishing field we should split the scalar field
as ϕ(x) = ϕvev + ∆ϕ(x) where ϕvev is the vacuum expectation value of the scalar
field. Since deriving the flow equations in momentum space is more convenient, we



































3. Renormalization Group Equations for a Higgs-Yukawa Toy Model
3.2. Flow Equations of the Toy Model
For the derivation of the flow equations we first need the fluctuation matrix Γ(2)k (p, q)
for our toy model
Γ
(2)














































Using the effective average action of our toy model (Eq. (3.5)) we get
Γ
(2)


























ih̄kψ̄(q − p) −ih̄kψT(p− q)



























where primes denote derivatives with respect to ϕ. The last missing piece in order
to evaluate Eq. (2.34) is the regulator matrix Rk(p, q). Since we can implement this
IR cutoff through regularizing the small-momentum regime, the regulator matrix
should have nonzero entries for elements containing momentum dependences. The
corresponding operators are ϕ2 and ψ̄ψ (or ψTψ̄T) for the scalar field and the





























3.2. Flow Equations of the Toy Model
Since the final flow equations are expressed in dimensionless, renormalized quanti-





























where rk,B and rk,F are dimensionless bosonic and fermionic regulator shape func-
tions. These functions only depend on the square of the momenta, rk(p) = r(p2/k2).
The exact form of these regulator shape functions will not be given here, since we do
not need them for the derivation of the flow. We can in the end make a particular
choice of the regulator to evaluate the resulting integrals.
Scalar Potential
To get the flow equation of the scalar potential, we have to project onto the potential
in the effective action. It is easy to see from Eq. (3.5) that we have to set ϕ(x) = ϕ0
constant while the fermion field vanishes ψ̄(x) = ψ(x) = 0. Thus we arrive at the


















First projecting onto the potential yields a fluctuation matrix which is diagonal in






















































































3. Renormalization Group Equations for a Higgs-Yukawa Toy Model
Here we have introduced the inverse average propagators P (p) = p2(1 + rk,B(p))
and PF(p) = p2(1 + rk,F(p))2. We then multiply Eq. (3.10) with (∂tRk(q, p)) which
results in a diagonal operator. Performing the trace over the internal space, and

























where dγ = 2⌊d/2⌋ denotes the dimension of the gamma matrices. Introducing
dimensionless threshold functions l(B)d0 (ω; ηϕ) and l
(F)d
0 (ω; ηψ) for the momentum

























Here we have introduced the anomalous dimensions of the respecive fields, defined
by
ηϕ,k = −∂t logZϕ,k, ηψ,k = −∂t logZψ,k. (3.12)
Here primes denote derivatives with respect to the invariant ρ = 12ϕ
2 and v−1d =
2d+1πd/2Γ [d/2]. Implementing this, we need to rewrite this equation in a dimen-
sionless form to represent the quantities by numbers. In order to do this, we divide
all dimensionfull quantities by an appropriate power of our sliding scale k.
Dimensionless Form Through Running Scale Division
For this we define the renormalized, dimensionless field invariant by
ρ̃ = Zϕ,kk
2−dρ, (3.13)







and finally the dimensionless potential as
uk = k
−dUk. (3.15)
Using these relations we arrive at

















Here, primes denote derivatives with respect to the dimensionless invariant ρ̃. The
first two terms arise from the differentiation of k−d as well as the derivative acting
on the field invariant via chain rule. This result agrees with [24] in the literature.
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Yukawa Coupling
Now we derive the flow of the Yukawa coupling h2k. We look into the flow of the
squared coupling owing to the Z2 symmetry of our model. Furthermore, to cover
the case where the vacuum expectation value of the scalar field is nonzero, we split
the scalar field into a background and a fluctuating field ϕ = ϕvev + ∆ϕ. The
fluctuating part ∆ϕ is interacting with the fermions while the vacuum expectation
value results in a mass term for the fermions. The Yukawa coupling can thus be
















































This time we are not allowed to project before taking the functional derivative.
The resulting fluctuation matrix is not diagonal in momentum space, so we can not
directly invert it. However, from the projection rules we can see that only terms



































in powers of the fields while keeping the projection






gets split up into a propagator





















contains the components independent of the fields while ∆Γ(2)k
includes all the dependencies on the fields ∆ϕ,ψ̄ and ψ. Already keeping the split
17
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−Zψ,k/pT (1 + rk,F(−p))
− ih̄kϕvev,k
0









































U ′′′k (ϕvev,k)∆ϕ(p− q) ih̄kψ̄(q − p) −ih̄kψT(p− q)
−ih̄kψ̄T(q − p) 0 −ih̄k∆ϕ(p− q)


















where we have neglected all terms except the first order in
∫
x






U ′′k (ϕvev,k) + U
′′′
k (ϕvev,k)∆ϕ(x) + . . .
]
ei(q−p)x
= U ′′k (ϕvev,k)δp,q + U
′′′
k (ϕvev,k)∆ϕ(p− q) + . . . , (3.23)
since higher powers of ∆ϕ do not survive the projection. The propagator in Eq.
(3.21) is diagonal in momentum space and can thus be inverted. We already have
inverted this matrix in the derivation of the flow equation of the scalar potential,
where we simply have to replace ϕ0 → ϕvev,k.
18
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We Taylor expand the logarithm log(1 + x) = x− 12x2 + 13x3 + . . . . Realizing that
only terms cubic in ∆Γ(2)k survive the projection, since it contains all fields exactly







































∆Γ(2) is straightforward, although tedious,























































The three different contributions to the RG flow can be represented diagrammati-
cally. These diagrams are depicted in Figure 3.1. Owing to the Z2 symmetry of our
system, the Yukawa coupling only appears in squares. Therefore, we consider the
flow of h̄2k instead of h̄k to make this dependence explicit. Using ∂th̄
2
k = 2h̄k∂th̄k as










2−dϕ2vev,k we arrive at
∂th
2













1,2 (ω1, ω2, ηψ, ηφ)
− 32h6kκkvdl(FB)d2,1 (ω1, ω2, ηψ, ηφ) .
(3.27)
19
3. Renormalization Group Equations for a Higgs-Yukawa Toy Model
a) b) c)
Figure 3.1.: Diagrammatic representation of the contributions to the flow equa-
tion of the Yukawa coupling (c.f. Eq. (3.26)). Coupling to the con-
densate ϕvev,k is indicated by the black circle, regulator insertions are
suppressed.
This agrees with the result found in [24].
Here we have again introduced a compact notation with threshold functions for
the momentum integrations, and their definitions can be found in Appendix A. In
Eq. (3.27) primes denote derivatives with respect to ρ̃ = 12Zϕ,kk
2−dϕ2, and the
anomalous dimensions are, as before, defined by ηϕ,k = −∂t logZϕ,k and ηψ,k =
−∂t logZψ,k.
Anomalous Dimensions
The last ingredient needed for our set of equations are the flow equations of the field
strength renormalizations Zϕ,k and Zψ,k. It is possible to remove all explicit depen-
dencies on these field renormalizations by introducing dimensionless, renormalized
quantities and the anomalous dimensions, as we did for the previous cases. The
final equations for the anomalous dimensions will be purely algebraic, meaning we
don’t have to state initial conditions for them. They will be completely determined
by the remaining renormalized quantities, and the flow equations of these will only
be influenced via the anomalous dimensions.
Scalar Anomalous Dimension
As before, we start deriving the flow equation of Zϕ,k by giving the projection rule

















Here we are projecting with respect to ∆ϕ, and not the full scalar field ϕ = ϕvev +
∆ϕ, since the excitation above the vacuum expectation value represents the relevant
20
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dynamical degree of freedom. In the case were we have no vev there is evidently
no difference between these two cases.
































propagator and field part, as shown in Eq. (3.20). We then look at the quadratic
part in the expansion of the logarithm, since we are differentiating twice with respect
































where we can ease the computation by setting the fermionic fields to zero right from
the start since we are not taking derivatives with respect to them. After taking the
trace over the internal space and performing the functional derivatives, we expand
the result up to second order in p2, since this is the relevant term when considering































































































The definitions of the threshold functions can be found in Appendix A and primes
denote derivatives with respect to the dimensionless, renormalized field invariant ρ̃.
The result agrees with that of [24].
21
3. Renormalization Group Equations for a Higgs-Yukawa Toy Model
Fermion Anomalous Dimension
For the fermionic anomalous dimension ηψ,k we repeat the same procedure as before.
















































































In the second line we have again used the decomposition into propagator and field-
dependent part (c.f. Eq. (3.20)), and we again keep only the quadratic part in
the Taylor expansion, since we are differentiating with respect to fields twice. We
can set the scalar excitation above the vev to zero right at the start, trace out the
internal indices and perform the field derivatives. We then expand the result in the
momentum pµ and, regarding the projection rule, keeping only the term linear in
































In dimensionless form, and all field strength renormalizations expressed through



















where primes again denote derivatives with respect to ρ̃. The definitions of the
threshold functions can also be found in Appendix A. As a cross check for these
flow equations, we find the same results in the literature for the toy model studied
here [22,23].
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4 Particle Masses from the FRG
Flow
We now have all the necessary ingredients to study the renormalization group flow
of our simple Yukawa-Higgs model. For this we set the dimension to d = 4. Fur-












The general case of a full potential has been studied in [22, 24]. For the purpose
of the present work, our simple approximation is quantitatively adequate with an
error on the O(10%) level. If m2k > 0, we are in the symmetric regime of the
potential, characterized by a minimum situated at vanishing field φ = 0. Looking
at dimensionless couplings, we define the dimensionless mass term as λ1,k = m2k/k
2
as in the previous section via running scale division. Should λ1,k become negative
during our RG flow a minimum of the potential develops, such that φ 6= 0. Owing to
the Z2 symmetry of our model, there are two possible vacua in the latter case. We
choose one of these as the ground state of our theory, giving rise to the spontaneous













where ρ0,k denotes the (scale-dependent) minimum of the potential. As for the
scalar mass term we again look at dimensionless parameters and define κk = ρ0,k/k2.
In the symmetry-broken regime we identify the masses by













4. Particle Masses from the FRG Flow
here ϕ0 denotes the minimum of the effective potential and all renormalized cou-
plings are to be taken in the deep infrared. For our truncation this results in
v =
√





The flows of the two couplings λ1,k, λ2,k in the symmetric, or λ2,k in the SSB
phase, can be derived from Eq. (3.15) by projecting onto the respective coupling
straightforwardly. Only for the minimum κk it is a little involved, since the refer-
ence configuration has a nonvanishing vacuum expectation value. Since κk is the
minimum of the potential, we have
∂ρuk (κk) = 0. (4.5)
Acting with a t derivative on both sides yields
∂ρ∂tvk (κk) + ∂
2
ρvk (κk) ∂tκk = 0. (4.6)











For a given cutoff Λ the FRG equations map the bare parameters m2Λ, λΛ and hΛ
to the physical quantities v,mt and mH. The only dimensionful parameter m2Λ
is tuned such that we get the correct vacuum expectation value of v ≃ 246 GeV,
setting the scale in the infrared. Fixing m2Λ is a numerical fine tuning problem,
corresponding to the scale separation of Λ and electroweak scale in the standard
model. We have to tune this value close to a partial fixed point in the β function
of m2 such that the dimensionful quantity in our model (m2 in the symmetric, v
in the broken regime) remains small over many scales, thus achieving the desired
maximal separation of the UV scale Λ and the Fermi scale v. We then vary hΛ
until we get the right top mass of mt ≃ 173 GeV. Since we restrict ourselves to a ϕ4
potential, λΛ is an arbitrary non-negative number to guarantee vacuum stability.
For a small scalar coupling λΛ at the cutoff, the flow usually starts in the symmetric
regime. Near the electroweak scale fermionic fluctuations drive the system into the
SSB regime, at m2k < 0 we switch to the parametrization of the potential in the
broken phase and continue with the SSB flow. A nonzero vev develops, giving rise
to fermion mass. The modes start to decouple, freezing out the flow, i.e. all flow
equations go to zero for k → 0. In the case of a large bare scalar coupling λΛ,
we already start in the broken regime, κΛ is already nonzero, albeit small. This
minimum can remain small over long RG time until eventually it grows large again
24
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near the electroweak scale, implying the decoupling of all modes. An example flow
is depicted in figure 4.1. We repeat this procedure for different initial values of λΛ
while keeping v ≃ 246 GeV and mt ≃ 173 GeV fixed, obtaining a range of accessible
Higgs masses from the flow. The upper bound arises from a Landau pole of the
quartic coupling λ2,Λ → ∞ at a finite cutoff Λ. This behavior is also seen in per-
turbative calculations. The lower bound comes from vacuum stability arguments
where λ2,Λ = 0 at the cutoff and would turn negative for higher energies. While
including higher order terms in the potential could cure this problem, the Yukawa
coupling also diverges at finite energy, thus preventing the extension of this toy
model to arbitrarily high cutoffs.
Having gained insight on the allowed Higgs masses for the measured value of
mt ≃ 173 GeV, we then check the RG flows for other values of the top mass.
For these calculations we keep the vacuum expectation value fixed at the standard
model value of v ≃ 246 GeV. The resulting accessible parameter range is depicted in
figure 4.2. For this analysis we started in the IR, solving the flow equations towards
the UV.
The lower and upper bound approach each other at a fixed ratio of mH/mt, singling
out a Higgs mass for a given mt for which we separate the two scales of interest (the
electroweak scale v and the cutoff Λ) maximally. This can be traced back to a fixed
point in the RG flow of the composite coupling λ2,k/h2k. As we can see in Figure
4.2 this maximal UV extension of the toy model can be increased by decreasing
the top mass, and accordingly mH. The cutoff Λ goes to infinity for mt and mH
→ 0, this however corresponds to a free scalar field and a free Dirac fermion which
do not interact with each other. It is thus not possible to extend this model to
arbitrarily high energies while still keeping to model interacting, which is known as
the triviality problem.
When looking at the IR masses for fixed hΛ and λ2,Λ while varying λ1,Λ, we see
that in the SYM regime there is no vacuum expectation value, and thus the top
quark remains massless. The scalar field still has a mass which is just given by the
operator 12m
2ϕ2. This is shown in figure 4.3, visualising the fine tuning problem
necessary to separate the electroweak scale from the cutoff.
In the language of critical phenomena, v and mt serve as an order parameter for
a 2nd order quantum phase transition with δλ1,Λ corresponding to a control pa-
rameter that can be used to tune the system to criticality. From Fig. 4.3, it is
obvious that the system has to be tuned very close to the phase transition in order
to separate all physical mass scales from the cutoff scale, mt,mH, v ≪ Λ. This is a




4.1. Fixed Ratio of Higgs/Top Mass for Maximal UV Extension
4.1. Fixed Ratio of Higgs/Top Mass for Maximal UV
Extension
In the previous paragraph we found that for a fixed ratio of mH/mt, the cutoff
can be separated from the electroweak scale maximally. This stems from a fixed
point of the perturbative beta function of the ratio λ2,k/h2k. Since this ratio is
directly proportional to m2H/m
2
t , finding a fixed point in the perturbative beta
functions gives us a relation between the two masses. We get the leading-order
perturbative beta function of the composite coupling under consideration by setting
the anomalous dimensions in the threshold functions to zero since these correspond
to higher loop corrections. Furthermore we go to the deep Euclidean region where
all masses are considered as small compared to the squared momenta or RG scales.
In this approximation we can also set the involved mass term λ1,k to zero. Applying















































which fits nicely to our data, although we used the perturbative beta function for
the derivation of the fixed point, and not the full flow equation derived by the
functional renormalization group.
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5 Inclusion of Gauge Interactions
We now want to focus our attention on the transition from the symmetric regime to
the broken phase (see Fig. 4.3). In particular we want to investigate the influence
of gauge interactions on this phase transition.
In strongly interacting field theories like quantum chromodynamics we observe a
phenomenon that high energy degrees of freedom (quarks and gluons) can vary sub-
stantially from the macroscopic degrees of freedom (fermionic bound states). These
quark-antiquark bound states (mesons) and their properties are a manifestation of
chiral symmetry breaking (χSB) at low momenta.
5.1. Quantum Chromodynamics
The fundamental theory describing strong interactions is called quantum chromo-
dynamics (QCD), which is formulated as a non-abelian gauge theory based on the
symmetry group SU(Nc), where in the case of QCD itself we have Nc = 3. It is a
theory consisting of Nf Dirac fermions transforming in the fundamental representa-
tion of SU(Nc), in the context of QCD called quarks, and N2c −1 gauge bosons in the
adjoint representation. The theory is defined via the microscopic action (already


















The quarks are taken to be massless and are described by the spinor fields ψ̄ai
and ψai , where a = 1, ..., Nf denotes the quark flavor and i = 1, ..., Nc denotes the
color index. The covariant derivative Dµij in the fundamental representation couples
quarks to the non-abelian gauge bosons (Aµ)ij and is given by
Dµij = ∂
µδij − ig(Aµ)ij . (5.2)
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The gauge bosons Aµij are su(Nc) Lie algebra valued and can therefore be spanned





The generators obey the Lie algebra
[T x, T y] = ifxyzT z, (5.4)
fxyz denoting the structure constants of the Lie algebra su(Nc). Here x, y, z =
1, · · · , N2c − 1 denote adjoint color indices. The non-abelian field strength tensor is
defined as the commutator of covariant derivatives
Fµν =
1




where we again have expanded the field strength tensor by means of the Lie algebra
generators. The QCD action supports a chiral symmetry, which refers to the sym-
metry of independent unitary flavor transformations of the left- and right-handed
components of Dirac fermions. We can project onto the left- and right-handed parts




(1± γ5) . (5.6)
One feature of QCD is asymptotic freedom, implying that perturbative calculations
are only valid in the high energy region where the corresponding gauge coupling
is small. If we turn towards lower energies, the coupling strength increases as was
first shown by Gross, Wilczek and Politzer [25, 26]. This invalidates perturbation
theory in the infrared and we have to turn towards non-perturbative methods and
use effective field theoretic descriptions to access the low energy effects, starting
roughly at Λ = O(1 GeV). The scale at which perturbative calculations show a
Landau pole in the gauge coupling is called ΛQCD, and this is the characteristic
scale of QCD.
Owing to quantum fluctuations (see Fig. 5.1), the fermion-gluon interactions induce
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Figure 5.1.: The effective four-fermion interactions are generated within fundamen-
tal QCD (cf. Eq. (5.1)) through quark-gluon interactions. Even when
we set the four-fermion couplings λ̄i to zero at one scale, quantum
fluctuations will generate these effective vertices at different scales.
The different four-fermion interactions introduced here form a complete basis,
meaning that any other point-like fermionic self interaction can be decomposed
into these basis elements by means of Fierz transformations. They can be classified
by their color and flavor structure, with
(V−A) = (ψ̄γµψ)2 + (ψ̄γµγ5ψ)2
(V + A) = (ψ̄γµψ)
2 − (ψ̄γµγ5ψ)2
(5.8)
being color and flavor singlets, where the respective indices (i, j) and (a, b) are
pairwise contracted, (ψ̄ψ) = (ψ̄ai ψ
a
i ). The two operators
(S− P) = (ψ̄ai ψbi )2 − (ψ̄ai γ5ψbi )2
(V−A)adj = (ψ̄ai γµ(T z)ijψaj )2 + (ψ̄ai γµγ5(T z)ijψaj )2
(5.9)
have non-trivial flavor or color structure. Here we write (ψ̄aψb)2 = ψ̄aψbψ̄bψa for
short, (T z)ij again denotes the generators of the gauge group in the fundamental
representation. These four-fermion interactions are controlled by their fixed-point
structure [27]. A fixed point corresponds to a simultaneous zero of all β functions in






for fixed gauge coupling g2 take the form [27]
∂tλi = (d− 2)λi + λkAkli λl, (5.11)
where Akli are constant matrices, symmetric in the upper indices. These β functions
correspond to parabolas in the space of all λi, each having exactly two fixed-point
solutions. Since we have four fermionic couplings, we expect this system to have 16
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fixed points. For vanishing gauge coupling we see 15 interacting fixed points and one
IR attractive non interacting (Gaussian) one. With increasing g2 these parabolas
are shifting upwards and, at a critical gauge coupling strength αcr = g2cr/4π, one
interacting fixed point annihilates with the (for g2 = 0) Gaussian one. For a
schematic plot of such a parabola loosing its roots, see Figure 5.2 in the next section.
An algebraic inspection of Eq. (5.11) reveals that the fixed point annihilating with
the Gaussian one at αcr ≈ 0.84 is dominated by a large scalar-pseudoscalar four-
fermion coupling λσ and we find
(λσ, λVA, λ+, λ−)|αcr ≈ (5.898,−0.433, 0.003, 0.454). (5.12)
At that point the couplings are no longer controlled by these fixed points and
they start to grow large. Eventually the couplings diverge, signaling the onset
of chiral symmetry breaking, as elucidated in the next section. As indicated by
the comparatively large value of λσ at the critical value of the gauge coupling
(see Eq. (5.12)), the chiral symmetry breaking is driven by the scalar-pseudoscalar
channel.
For this reason, as well as since the chiral condensate originating from this operator
shares some quantum numbers with the Higgs field and thus also implying Dirac
masses for the fermions in the χSB phase, we restrict ourselves to just the (S− P)
channel in this work.
5.2. Partial Bosonization
To consistently connect the microscopic theory with the macroscopic one, we use
the Hubbard-Stratonovich transformation to model the transition from fermions
to bosons. We start with the QCD action motivated in the previous section with
the additional scalar-pseudoscalar four-fermion interaction, which is similar to the

















Here we have suppressed the gauge sector for brevity, since it has no influence on the
following arguments. This model has an SU(Nf)R×SU(Nf)L symmetry, containing
the chiral symmetry, which (perturbatively) protects the fermions against acquiring
a mass through fluctuations.
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we see that the partition functions of both models agree up to an irrelevant constant
∫
DϕDϕ∗e−SFB = N e−SF , (5.18)
since the part in brackets in Eq. (5.15) just gives a Gaussian integral, which is a
pure number being absorbed in the normalization factor. This fermionic pairing
can also be seen in the classical equations of motion
ϕab = −i h̄
m2
ψ̄bPLψ




We see that we can choose λσ,Λ = 0 for a certain choice of the other parameters
h2Λ and m
2
Λ at a UV scale Λ, but as already said in the previous section, quantum
fluctuations will nevertheless generate a non-zero effective four-fermion coupling
with only fundamental QCD interactions taken into account (see Fig. 5.1). This is


































0,m2k−2Z−1ϕ , 0; ηψ, ηϕ, ηF
)
.
The definition of the threshold function l(FBB)d1,1,1 can be found in Appendix A. In
order to cope with this and keep the four-fermion coupling fixed to zero at all
times, we promote the Hubbard-Stratonovich field to be scale dependent. The flow








where the first part is the usual term ∼ STr Gk∂tRk and the second part takes
the scale dependence of the fields into account. This approach follows from an ap-
proximation to an exact equation [28] where the neglected terms are parametrically
suppressed for the present application [17].
We choose the ansatz
∂tϕ
ab
k (q) = −iψ̄bPLψa(q)∂tαk(q) + ϕab∂tβk(q)
∂tϕ
∗ab(q) = −iψ̄aPRψb(−q)∂tαk(q) + ϕ∗ab∂tβk(q),
(5.21)
α and β being a priori arbitrary functions to be defined below. These scale depen-


























From this so-called dynamical bosonization, together with our goal of vanishing






Furthermore we want to achieve a momentum-independent Yukawa coupling h̄,
such that the IR observables like fermion masses are independent of the involved
momenta, and a momentum-independent scalar field renormalization Zϕ to be self
consistent within our truncation. With these goals in mind, we can uniquely deter-
















Through these functions the gauge sector which previously only affected the fermionic
self interaction now influences the scalar potential as well as the Yukawa interac-
tion. Like in the fully fermionic theory, at a critical value of the gauge coupling α⋆,
we will enter the chiral symmetry-breaking regime. This can be seen clearly when
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together with its flow equation
∂tǫ̃ = −2ǫ̃+A+Bg2ǫ̃− 2ǫ̃
m2
h
∂tαk = −2ǫ̃+A+Bg2ǫ̃+ 2Cg4ǫ̃2. (5.26)
For the last equality we have neglected the last part of Eq. (5.20) ∼ h2g2 since this
gives a subleading contribution to the flow. We also note that this flow equation
is independent of the choice of ∂βk. The constants A,B and C are all positive
quantities [17] and the last term comes directly from the bosonization of the four-
fermion interaction. Thus the RHS of the flow equation looks like a parabola which
is lifted for increasing gauge coupling g, as can be seen in Fig. 5.2. At the critical
gauge coupling the two roots of the parabola (fixed points) are destabilized and we
run into the chiral symmetry-breaking regime, characterized by a negative m2 and
therefore negative ǫ̃.
Figure 5.2.: Schematic plot of the flow equation Eq. (5.26) of the composite coupling
ǫ̃. The arrows are pointing towards the IR. At small gauge couplings g2
this coupling is controlled by its fixed point ǫ̃∗,2 Increasing the gauge
coupling lifts the parabola upwards and at a critical coupling g2cr the
two fixed points annihilate. The flow is then no longer controlled by
the fixed-point structure, and we rapidly run into the chiral symmerty-
breaking regime, characterized by negative ǫ̃. Figure taken from [17].
5.3. Full Model
With these tools at hand, we can now turn to the model of interest in the second part
of this work. We look at a chiral Higgs-top-bottom model [30,31], comparable to the
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very simple toy model we started with, containing two Dirac fermions representing









representing the Higgs field. This couples to the two quarks of interest which we






, tR, bR. (5.28)
We then introduce gauge interactions and two more generations of quarks for a
total of six quarks in this model in order to have a gauge sector comparable to
the standard model. As seen in Section 5.1, this in turn generates four-fermion
interactions and, focusing on the scalar-pseudoscalar channel, we then partially
bosonize said interaction. Through the Hubbard-Stratonovich transformation we
end up with an additional complex scalar matrix field ϕab coupled to all fermions






Zφ|∂µφ|2 + Uk(ρ) + Zϕ∂µϕab∂µϕ∗ab + Vk (ρM, τ) +
ZF
4


































ψ, Zψ, · · · , Zψ
)
denote the wave function renormalizations for the top,
the bottom and the Nf−2 remaining quarks respectively, Zϕ and Zφ the ones of the
scalar fields. φC = iσ2φ∗ with σ2 being the second Pauli matrix is the charge conju-
gated scalar field. h̄t and h̄b are the bare Yukawa couplings for the top and bottom
quark, while h̄ is the Yukawa coupling originating from the Hubbard-Stratonovich
transformation.




2 φ, ψL → eiαi
σi
2 ψL, tR → tR, bR → bR, (5.30)
where σi are the Pauli matrices acting on the SU(2) doublet structure. By means





5. Inclusion of Gauge Interactions
Here P3 denotes the projector onto the third generation of quarks, namely the top-
bottom sector of the meson field. The symmetry SU(2)R is explicitly broken by
the fact that ht is different from hb. Furthermore the action is invariant under
SU(4)L×SU(4)R transformations acting on the first two quark generations and, as
before, on the meson field




P12ϕ, ψR → ψR, P3ϕ→ P3ϕ,




, ψL → ψL, P3ϕ→ P3ϕ.
(5.32)
Here T i denote the generators of SU(4), P12 is the projector in the first two quark
generations in the matrix field, and ψL/R denotes only the first two quark genera-
tions.
Scalar Potentials
For both scalar potentials Uk and Vk we consider quartic approximations. In case
of the Higgs scalar potential, which is a function of the field invariant ρ̄ = φ†φ, this







m2 denotes the scalar mass, while λ̄φ is the coupling associated with the scalar self
interaction. Spontaneous symmetry breaking of SU(2)L occurs when this potential
develops a nonvanishing minimum ρ̄0, thus the scalar field has a nonzero vev φ→ v.

























and analogously for the bottom quark. These masses, as well as the Higgs mass,




















the definition of the renormalized quantities can be found below.
The scalar potential of the Hubbard-Stratonovich field (meson potential) is chosen




















with the dependence on higher invariants present for Nf ≥ 3 neglected, owing to
our quartic approximation. The meson potential with these invariants up to order
ϕ4 then reads







M + λ̄2τ̄ . (5.38)
Spontaneous chiral symmetry breaking occurs, as in the case of the Higgs poten-


























meaning all quarks acquire the same mass through chiral symmetry breaking. This
corresponds to breaking the full SU(Nf)L×SU(Nf)R (which is an exact symmetry
only for ht = hb = 0) down to its diagonal subgroup, with a residual vector-like
SU(Nf) flavor symmetry. In the symmetric regime we choose our vacuum state
to be (ρ̄M, τ̄) = (0, 0), while in the χSB phase we have (ρ̄M, τ̄) = (ρ̄M, 0). With




symmetric and χSB regime, respectively, and the scalar mass spectrum presented
in Table 5.1. While in the symmetric regime there are 2N2f scalar fields with mass
V ′ and the fermions do not gain any mass, in the case of chiral symmetry breaking
our spectrum enlarges, with N2f scalar fields being massless due to Goldstone’s
theorem, N2f − 1 having squared mass equal to ρ̄Mλ̄2/Nf and one radial mode with
squared mass 2ρ̄Mλ̄1. Out of these N2f Goldstone bosons, N
2
f − 1 come from the
breaking of SU(Nf)L×SU(Nf)R to SU(Nf)V, and one comes from the breaking of
the U(1)A symmetry present in the current truncation of the model. Contributions
from the axial anomaly are ignored in our study as the anomaly is not relevant for
the top-Higgs sector. Since some components of the two scalar fields share the same
quantum numbers χSB also induces a breaking of the SU(2)L symmetry. For a first
glance at the system we will model this by shifting the Higgs vev by the meson vev,
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Eigenvalue Degeneracy
V ′ N2f
V ′ + λ̄2Nf ρ̄M N
2
f − 1
V ′ + 2ρ̄Mλ̄1 1
Table 5.1.: Meson mass spectrum for the potential given in Eq. (5.38). Primes
denote derivatives with respect to the field invariant ρ̄M. The eigen-
values agree with those given in [32] and those given in [33] upon the
replacement λ̄2/Nf → λ̄2.





Flow Equations for the Full Model
Using this truncation in the Wetterich equation yields the β functions for the re-
spective couplings as well as the wave function renormalizations of the fields for the
given model. The latter will be encoded in the anomalous dimensions,
ηi = −∂t log(Zi), (5.40)
i labeling the respective field. As done in the first model, it is useful to define
dimensionless renormalized quantities as
ρ = Zφk
2−dρ̄, ǫ = Z−1φ k





2−dρ̄M, τ = Z
2
ϕk






























2 = Z−2ψ Z
−1
ϕ k
d−4h̄2, g2 = Z−1F k
d−4ḡ2.
(5.41)
The flow equation for the (dimensionless) Higgs scalar potential uk = k−dUk is then
given by



































where primes denote derivatives with respect to the field invariant ρ. We extract the
flow equations for the couplings in our truncation of the potential (Eq. (5.33)) with
suitable differentiation and projection rules of the β function of the full potential,
as seen for the simple toy model studied before. This flow equation agrees with the
one found in [30] in the appropriate limit h2 → 0.
For the meson potential vk = k−dVk we get










































τ) + h2bρ; ηb
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Here we have introduced m2τ = v
′ + 1Nf ρMvτ , and primes denote derivatives with
respect to the field invariant ρM, while vτ is the derivative with respect to τ . We
project onto the different couplings in the potential, as done for the first model,
through differentiation of this flow equation, yielding the flow equations of said




5. Inclusion of Gauge Interactions
The flow equation of the meson-fermion Yukawa coupling can be written as
∂th

























































τ ; ηb, ηϕ
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h2ρM, 0; ηb, ηF
)









Here C2(Nc) = (N2c −1)/(2Nc) denotes a Casimir operator of the gauge group. The
scalar contribution of this flow equation (∝ h4) coincides with the one found in [33]
in the limit of vanishing top- and bottom-Yukawa couplings. The contributions
stemming from the gauge sector (∝ g2) agree with those found in [34].
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The top-Yukawa flow equation is given by
∂th
2








































































































while the β function of the bottom-Yukawa coupling is
∂th
2








































































































The scalar contributions to these equations agree with the ones found in [30], again
in the limit of vanishing meson-Yukawa coupling h2, while the gauge contributions
43
5. Inclusion of Gauge Interactions
agree with the one given in [34].
The evolution of the wavefunction renormalizations Zφ, Zϕ and Zaψ will be followed
by the respective anomalous dimensions ηi = −∂t log(Zi). The one of the Higgs


























































coinciding with the one give in [30] in the appropriate limit.

























































agreeing with [33], again for vanishing h2b and h
2
t .































































τ ; ηb, ηϕ
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coinciding with the one found in [34]. The scalar contribution of the Higgs doublet










































5. Inclusion of Gauge Interactions













































































These equations agree with the ones found in [30], again in the limit of vanishing
meson-Yukawa coupling h2. The contributions from the meson and gauge sector to
these two anomalous dimensions are given by

































































ηψ = ηψ,M + ηψ,G. (5.58)
All equations agree with the ones from the literature in the appropriate limits. For
the chiral Higgs-top-bottom model we have to set g2 and h2 to zero and compare
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the flow equations to the ones found in [30] while for the quark-meson model we
have to set g, ht and hb to zero when checking against the equations obtained
in [33]. The gauge sector can be checked in [34].
For the gauge sector we will use a (modified) perturbative two-loop equation for the
running of the gauge coupling. Since this β function produces a Landau pole when
integrating towards the infrared, we modify this flow such that we obtain an IR
fixed point α∗ = g2∗/(4π) for that coupling [35]. This fixed point has to be chosen
above the critical gauge coupling needed to induce chiral symmetry breaking, for
our computations we choose it to be of order one, α∗ = 2.5 [34]. This is a somewhat
crude approximation, but accurately modeling the IR behavior of the strong gauge











































Additional Contributions to the Flow Equations
Since the meson field ϕab is not a fundamental field but originates from the Hubbard-
Stratonovich transformation, this fermion-boson translation yields additional con-
tributions to the flow equations of the meson sector, as shown in the previous
section. With the functions parametrising the scale dependence of that Hubbard-



















































5. Inclusion of Gauge Interactions
The quantity Qσ = ∂t(λ̄σ(k2)− λ̄σ(0))/∂tλ̄σ(0) introduced here is a measure for the
suppression of λ̄σ(k2) for large external momenta. Suppression implies Qσ < 0, and
in the χSB regime, where fermions are massive, non-pointlike four-fermion inter-










h2κM, 0; ηψ, ηF
)
, Q0σ < 0. (5.65)
Tests for various different values of Q0σ in the range [−0.2, 0.001] show that results
are qualitatively independent of the precise choice.
Removing the Massless Modes from the Spectrum
Since the symmetry broken by the Higgs mechanism is a global symmetry in the
present model, there will be massless Goldstone bosons in our physical spectrum
[36–38]. This is in contrast to the standard model where the Higgs mechanism
breaks a gauge symmetry and the would-be Goldstone bosons mix with the weak
vector bosons. This turns the gauge bosons massive and no Goldstone modes are
left in the spectrum. To stay close to the standard model we have to remove these
massless modes since these can significantly change the IR behavior of the model.
This can be seen by looking at the threshold functions which encode the mass
dependence and decoupling of massive modes from the RG flows. In the case of the






with some power α. While for large k the difference between massive and massless
modes is negligible, we see that for k → 0 they differ substantially: When looking
at massive modes m2 6= 0 all threshold functions vanish and the modes decouple,
leading to a freeze out of the flows in the IR. Contrary to this, massless modes do
contribute to the flows on all scales k leading to the aforementioned differences in
the IR behavior. These Goldstone modes can be directly identified by their mass
argument m2/k2 ∼ u′(κ) in the threshold functions, since in the broken regime
this vanishes at the minimum of the potential. Thus replacing the mass argument
u′ → u′ + ωvk for some ω artificially makes these modes massive in the broken
regime. vk denotes the running of the vacuum expectation value, and ω is chosen
such that the modes have a mass of the order of the W bosons, ω = (80/246)2.
The same problem occurs in the broken regime of the meson potential, where in
the χSB phase we have N2f massless modes which can be identified by their mass
argument v′. These would-be massless states correspond to the meson spectrum in
QCD. In the standard model, the masses of all these states are lifted by explicit
breaking terms of the chiral symmetry, most prominently by the finite Yukawa
48
5.3. Full Model
couplings to the Higgs sector. Whenever these would-be massless modes start
influencing the flow, we, analogously to the scalars in the Higgs potential, insert one
mass parameter γ for these Goldstone modes (like ω before) by hand, the influence
of the precise choice on the IR observables of interest will be briefly discussed. For
simplicity, we will choose only one mass for all these scalars and ignore the details
of the flavor structure of the light quarks responsible for the different masses of the
scalar and pseudoscalar mesons in the standard model.
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5.4. Flows in the Full Model
For computations, we set d = 4, dγ = 4, and we work in the Landau gauge ξ = 0,
which is known to be a fixed point of the renormalization group [39]. Physical flows
















implies making the auxillary field super-heavy, non-dynamical and non-interacting
at the UV scale Λ, thus decoupling from the rest of the theory and leaving us with
only the standard QCD and Higgs sector flows. Having the fixed point strucure
of Fig. 5.2 in mind, this corresponds to initial conditions far right of ǫ∗,2, which
are then attracted by this fixed point. Letting the system evolve towards the IR,
the gauge coupling grows strong, and, when reaching the critical value of the gauge
coupling g2cr, the meson sector becomes active, as depicted in Fig. 5.4.
The characteristic scale of strong interactions, ΛQCD, is an energy scale solely de-
termined through the renormalization group flow of g2. In general this scale signals
the breakdown of pertubation theory in QCD, indicated by a Landau pole in the
perturbative β function of the strong gauge coupling. In this work, we define this










where Λ0 is a high energy scale where the perturbative (one-loop) flow equation is
valid. From this, we can determine ΛQCD through
ΛQCD = Λ0 e
−1/c. (5.69)
Chiral symmetry breaking induced by gauge interactions typically occurs at scales
around ΛQCD.
In our model, we can isolate flows of pure QCD by decoupling the Higgs scalar by


















= 0, Zφ|k=Λ → 0. (5.70)
We can then compare ΛQCD to the masses generated through chiral symmetry
breaking for different numbers of flavors Nf . These results are shown in Table 5.2.
A first observation is that ΛQCD is highly affected by the choice of Nf , as expected,
since the running of the gauge coupling depends on the number of flavors. For
50
5.4. Flows in the Full Model
Nf mχSB ΛQCD mχSB/ΛQCD
1 31.5 GeV 33.4 GeV 94.3%
2 7.5 GeV 12.3 GeV 61.0%
3 1.7 GeV 3.9 GeV 43.6%
4 333 MeV 1.0 GeV 33.3%
5 48 MeV 212 MeV 22.6%
6 4.6 MeV 33 MeV 13.9%
Table 5.2.: Different masses generated through chiral symmetry breaking for vary-
ing number of flavors Nf . These masses were generated for a fixed value
gΛ which, for Nf = 6, coincides with the initial condition necessary to
achieve the physical value of g at the Z boson mass (αs(mZ) = 0.1185).
Analysis shows that the fraction mχSB/ΛQCD is rather independent of
the initial value of g, only affecting this ratio on the order of O(10%),
while of course ΛQCD strongly depends on it. For smaller Nf the gauge
coupling grows faster, implying larger ΛQCD.
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fewer flavors g grows large faster, thus the one-loop β function diverges at a larger
scale. The fraction mχSB/ΛQCD also decreases with increasing Nf which can be
understood by looking at the flow equation of the meson potential (c.f. Eq. (5.43)),
which symbolically reads
∂tv = · · ·+ #1N2f scalar contributions−#2Nf fermionic contributions. (5.71)
The placeholders #1,2 are positive numbers, and contain the various couplings. We
see that the scalar contributions enter with a positive sign, and scale with N2f ,
while the fermionic contributions only scale linearly in Nf and have a negative sign.
It is these fermionic contributions which are, in addition to the gauge sector (see
Eq. (5.61)), responsible for driving the system into the χSB phase. For larger Nf
there are much more scalars in the theory (for Nf = 6 our model contains 72 scalar
fields), suppressing a fast development of a vev in the meson potential.
In the case where the scale at which the Higgs potential enters the broken regime
is larger than ΛQCD, the top and bottom quark acquire mass before the remaining
quarks, and thus decouple from the flows. For this reason we set the number
of flavors in the meson sector to from Nf = 6 to Nf = 4 at the SSB transition
scale of the Higgs potential. We continue with the flow equations with reduced
flavor number down towards the IR, continuously connecting the couplings at that









in that parameter region, where v denotes the vev of the Higgs potential and vM
the one of the meson potential. We have chosen the vev responsible for mass
generation through the top/bottom Yukawa couplings to be a superposition of the
Higgs and meson vacuum expectation values due to the overlapping nature of the
respective field’s quantum numbers. This is an ad hoc approximation to model
the potentials. It is not naturally emerging from the flow equations since we have
neglected the back reaction a condensate of one of the fields has on the other scalar
field. A Higgs condensate for example implies mass terms for the top and bottom
quark, given by htv(t̄LtR + t̄RtL) and hbv(t̄LtR + t̄RtL), respectively. By means of
the translation of quark bilinears to the meson field (c.f. Eq. (5.19)) this implies
terms linear in some components of the matrix field, deforming the potential, and
generate a vev at nonzero field also for the meson field. The same line of reasoning
can be drawn in case of a chiral condensate, which then implies a nonzero Higgs
vev. In case of large separation of these two scales (like in the standard model,
ΛQCD = O(100 MeV), ΛF = O(100−1000 GeV)), the top and bottom quark mass is
dominated by the Higgs effect, since v ≫ vM. If the scales are of similar magnitude
however, the contribution to the masses stemming from chiral symmetry breaking
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is not negligible anymore.
Should chiral symmetry breaking occur before the top and bottom quark gain
masses through the Higgs effect, all quark masses are determined through χSB.
Owing to the overlapping quantum numbers of some components of the meson field
with the Higgs scalars, we model the Higgs vev to be the same as the meson vev in






We do not need to adjust the number of flavors in this case, since all quarks gain
masses and thus decouple at the same time.
Another adjustment done in the flows of the theory is that we dynamically change
the number of active flavors in the running of the gauge coupling g2. At the top
mass threshold we reduce the number of active flavors in the β function from six
to five. At the bottom mass, we again lower this by one, arriving at Nf = 4 active
flavors in the flow equation for scales lower than the bottom mass.
In Figures 5.3 and 5.4, example flows for initial conditions corresponding to parts
of the standard model are depicted. By that we mean achieving a top mass of
173 GeV, a bottom mass of 4.2 GeV (not shown), a Fermi scale v = 246 GeV and
a strong gauge coupling at the Z boson mass of α(mZ) = 0.1185. Only the Higgs
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5.5. Fine Tuning for Different Gauge Sectors
We now want to turn our attention to the influence of the gauge sector the so-called
fine tuning problem. As already seen in the simple toy model studied in Section 4,
we have to tune the initial condition of the relevant direction ǫΛ to a high accuracy
in order to achieve a large scale separation between the UV initialization scale Λ
and the Fermi scale v. In order to be able to compare theories with different gauge
couplings, we keep all other marginal parameters fixed at initialization, chosen such
that we get the correct values for the top and the bottom masses in the IR for the
gauge coupling corresponding to the physical value, the scalar self interaction is set
to zero, λφ,Λ = 0. The initial conditions in the meson sector are chosen according
to Eq. (5.67). We then vary the gauge coupling at the UV scale and look at the
transition of the system from the phase dominated by χSB to the “deeply Higgsed”
phase, where masses are generated mostly through the Higgs mechanism. Owing to
the simplistic modelling of the scalar potentials in this first glimpse at the model,
changing the number of flavors during the flow as well as, for the most part, ignoring
the overlapping nature of the two fields, we are only confident to extract properties
at that critical point for moderate values of the gauge couplings. We will mostly
restrict ourselves to the parameter region where ΛQCD . 0.1ΛF, corresponding to
a value of gΛ,max ≈ gΛ,Phys + 0.15.
First we are interested in the influence of the different gauge couplings on the IR
observable vacuum expectation value. For this we tune the relevant parameter ǫ to
get a vev of 246 GeV, and then vary this around that special value ǫ∗. We find that
stronger gauge interactions indeed lessen the fine tuning problem, indicated by a
flattening of the slope for increasing gΛ as shown in Figure 5.5.
The fine tuning problem is intimately related to the scaling exponent of the
renormalization group, Θ. These critical exponents are the eigenvalues of the so-
called stability matrix and characterize the behaviour of the associated coupling
with respect to the energy scale. They are used to classify the different couplings
in the theory. For more background and information regarding these RG exponents
we refer the reader to the literature [15, 40, 41]. For the relevant parameter ǫ, this
RG exponent is given by
Θ = 2− η, (5.74)
with η being the anomalous dimension. This exponent can be related to the known
critical exponents used to characterize phase transitions. Close to the critical point
the behaviour of the order parameter 〈φ〉 is given by
〈φ〉 ∼ |t|β , (5.75)
where β is the critical exponent of the order parameter and t is the control parameter
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we do by numerically estimating the logarithmic derivative of v with respect to
δǫΛ in close proximity around the critical point. We observe good agreement with
the expectations, since the anomalous dimension is proportional to h2t/b. Keeping
the Yukawa couplings fixed at the initialization scale Λ, an increase of the gauge
coupling induces, through the contributions to the Yukawa coupling β functions
(see Eqs. (5.45) and (5.46)), larger Yukawa couplings during the flow. This in turn
increases the anomalous dimension, and slightly dampens the fine tuning problem.
Another feature of the strong interactions is te following: while in the “weak”
coupling regime (ΛQCD < ΛF), the top mass changes only slightly for varying
gauge sectors, the top and bottom mass are directly proportional to the scale of
QCD in the case where we enter the strongly coupled phase quicker (ΛQCD > ΛF).
This is, of course, originating from the fact that the vev of the meson potential,
and thus the quark masses, are set by that scale. This is evident when looking
at Figure 5.8, where at ΛQCD/ΛF ≈ 1 the mass of the top quark starts to grow
large, essentially being locked to be ∝ ΛQCD. In this case we are able to study the
case where ΛQCD > ΛF since we are not interested in the phase transition at the
quantum critical point, but instead look at observables in the deep IR. The way we
model the scalar potentials has profound consequences on the SSB transition while
the values of the couplings in the IR are not influenced by the different choices of




In this work, we investigate two Yukawa toy models mimicking parts of the standard
model. The prime focus is put on the so-called fine tuning problem inherently tied to
scalar fields, present in the standard model by means of the Higgs boson. In Section
2 we briefly introduce the framework used in this work, the exact renormalization
group, in particular the Wetterich equation. We introduce a very simple Yukawa
theory containing one scalar field, as well as one Dirac fermion, and derive the
flow equations using these non-perturbative methods in Section 3. In Section 4 we
demonstrate the fine tuning problem as well as the issue of not being able to extend
the theory to arbitrary high energies, at least in our truncation.
We then include the gauge sector, and in Section 5.1 and 5.2 present the tools
necessary to deal with strongly interacting fermionic systems by means of the so-
called Hubbard Stratonovich transformation. We arrive at the core model of interest
for this work (Section 5.3), having a field content of one SU(2) doublet scalar field,
playing the role of the Higgs field, two Dirac fermions coupled to that scalar, as well
as four Dirac fermions not coupled to the Higgs scalar. The four-fermion interaction
induced by QCD is encoded in an auxiliary scalar field. We extract the β functions
of this model (Section 5.4) and investigate the effect of different scale separations
between the Fermi scale and the characteristic scale of QCD, ΛQCD on the fine
tuning problem in Section 5.5.
We find that a stronger interacting gauge sector indeed lessens the fine-tuning
problem, as is indicated by a reduction of the RG scaling exponent, classically given
by Θ = 2. Owing to the simplistic nature of our modelling of the scalar potentials,
we restrict our analysis to cases where ΛQCD is smaller than the Fermi scale set by
the Higgs mechanism. For further analysis of even more strongly interacting gauge
sectors, we will have to model the scalar potentials in a more precise way.
Investigating the fine-tuning problem in a new class of UV complete RG trajectories
free of the triviality problem, recently constructed in [42,43], is of interest and can
be done in future works. For a more thorough study of the fine-tuning problem in
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the standard model, the next step would be the inclusion of further contributions
to the flow equations stemming from the electroweak gauge sector in the standard
model, as could be done by perturbatively including them in the β functions of the
present model. Another point to consider is the scheme dependence of the exact
flow equations obtained through the Wetterich equation. An analysis for different




Here we provide the expressions for all threshold functions used in the main text.
These can be cross checked in [30,33,34,44].
A.1. Definitions
We define the regularized kinetic terms in momentum space for bosons and fermions
as
P (q) = q2 (1 + rk,B(q)) ,
PF(q) = q
2 (1 + rk,F(q))
2 = q2 (1 + rk,L(q)) (1 + rk,R(q)) ,
where for chiral fermions we have introduced regulator shape functions for the left-
and right-handed part, respectively. The loop momentum integrations appearing
on the right hand side of the Wetterich equations can then be encoded in thresh-
old functions parametrizing the regulator dependece of the flow equations. The
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threshold integral are given by
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A.2. Linear Regulator Shape Function
The operator ∂̃t denotes differentiation with respect to RG time t, but only acts on











where we sum over all degrees of freedom i present in our truncation.
A.2. Linear Regulator Shape Function













and defining the fermionic one to be
(1 + rB) = (1 + rL)(1 + rR).
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the threshold functions can be computed analytically, an enormous advantage for
our numerical methods solving the flow equations, and read
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